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Layout design in dynamic environments: strategies and quantitative
indices

MARCELLO BRAGLIA{*, SIMONE ZANONI: and
LUCIO ZAVANELLA}

The design of a layout is a critical step, which may have a major influence on the
success of a plant, particularly when demand is uncertain and variable. In order to
counter this variability, one of two strategies is generally adopted, i.e. the identi-
fication of either a robust or an agile layout. This study proposes the adoption of
indices that will help in identifying the strategy to be preferred. Starting from the
case of a single row layout, the results of an experimental campaign are presented
and discussed in order to show the efficacy of the indices themselves. Their
calculation takes into account the profile of demand over time together with
the product route sheets.

1. Introduction

The configuration of facilities is of considerable relevance for today’s manufac-
turing systems, as it significantly affects production system performance. When facil-
ities are optimally arranged, companies may reduce product costs, thus enhancing
their competitive position. The Facility Layout Problem (FLP) is concerned with the
identification of the most efficient arrangement of m resources, within a shop floor,
according to suitable constraints (Meller and Gau 1996). The main FLP objective is
to minimize the material handling cost between the machines, thus requiring, as a
first step, the specification of the relative location of each resource. The second step is
relevant to the solution of the detailed layout problem.

Nowadays, the success of a manufacturing organization is becoming increasingly
linked to the design of a facility that is able to adapt quickly and effectively to
technological changes and market requirements. In short, manufacturing facilities
must be able to exhibit high levels of flexibility to react to significant changes in their
operating requirements (Benjaafar and Sheikhzadeh 2000). The reasons described
highlight the importance of, at the design stage, adopting a layout with a sufficient
flexibility.

Flexible manufacturing systems (FMSs) have emerged in recent years as provid-
ing a strategic approach to production, capable of meeting the market requirement
also for increased product variety, short product life cycles, and uncertain demand.
From a strategic perspective, the definition of an efficient layout is a critical step in
the implementation of an FMS, since the layout is difficult to design properly, and
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costly to modify (Afentakis et al. 1990), and it significantly affects the performance
of the entire production system. It has been estimated that 20-50% of the total
operating expenses within manufacturing operations are due to material handling,
and it has been reported that effective layout design may reduce these costs by at
least 10-30% (Tompkins and White 1996). In addition to material handling costs,
the layout of a facility also impacts on production costs and work-in-process inven-
tory levels (Rajasekharan et al. 1998).

The aim of the present study is to analyse the problem of defining the most
efficient layout under uncertain market conditions, i.e. when demand significantly
fluctuates over the planned time horizon (as also described in Hassan 1994). To this
end, two alternative approaches are generally suggested (e.g. Kouvelis and Kiran
1991). The first one proposes the selection of a unique layout able to behave effi-
ciently, even when mix and/or volume fluctuate (robust layout). The second
approach (e.g. Kochhar and Heragu 1999) implies frequent layout modifications,
carried out at each productive period affected by significant variations (agile layout).
From an industrial point of view, the adoption of an agile layout also implies the
availability of ‘agile’ resources, e.g. machine tools that can be easily relocated. This
manufacturing philosophy has been preferred by some manufacturers proposing
innovative machines, as has been particularly evident in recent years. It also suits
the needs of assembly manufacturing units. On the other hand, the accurate defini-
tion of a robust layout becomes an obligatory approach when the manufacturing
cycle involves resources that are not ‘agile’ at all (furnaces, presses etc).

According to this premise, the main target of the present study is to formulate
indices and practices (as also discussed in Lin and Sharp 1999), that enable the
forecasting and quantification of the benefits derivable from the adoption of a
robust or an agile layout.

2. The reference situation

The method adopted for the investigation is mainly experimental and, in order
to deal with an easy and understandable situation, the single row machine layout
problem (SRMLP) will be discussed. The single row machine layout is a popular
solution in manufacturing: the equipment is arranged along a straight line where
a Material Handling Device (MHD) moves the items from one machine to
another.

Even if the attention of the present study is paid to the SRMLP, a wider applic-
ability to layout typologies may be foreseen, such as bidirectional and U-shaped
loops. Furthermore, the single-row problem is generally considered as a convenient
starting point for the development of researches on layouts, e.g. to propose and
validate theories for modelling and performance evaluation. Nevertheless, particular
layout configurations (e.g. a unidirectional loop, star layout) may require an objec-
tive function other than the one proposed in (1), even though the formulation of an
optimal layout is still linked to the need for reducing the movement of the MHD
between the machines (Meller and Gau 1996). In a deterministic environment,
demand values are constant over the periods pertaining to the time horizon.
Under the hypothesis of a fluctuating market demand, MHD movements are influ-
enced by the predicted mix and the volumes for each period. The item flow, f;;,
between machine i and machine j may be more properly described by probability
density functions (PDFs) defined as ¢;;(x;;). Thus, x;; is the stochastic variable
describing the total flow, in both directions, between machine i and machine j
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with x; = 0. These data may be grouped in the flow matrix F, whose dimension is
N x N, with N being the number of machines pertaining to the layout.
Consequently, matrix F contains the expected values (i.e. the average) of the traffic
between each pair of the N machines (Rosenblatt and Kropp 1992). In conclusion,
the variability of the flows between machines is described by continuous probability
distributions, thus originating the so-called Stochastic Layout Problem (SLP). An
analytical formulation of the SLP may be found in Rosenblatt and Kropp (1992) and
the flow matrix F' sums up the total flows f;; between machine i and machine ;.
Rosenblatt’s approach aims to identify the most robust layout on the basis of the
following objective function:

N N N
Z=32 2D AwmYuYm (1)
i=1 k=1 j=1 m=1
where
v B 1 if machine i is assigned to location k
k710 otherwise
A _ xi_/dkm if i 7é] or k 7é m
S Xidy +cy fi=jand k=m

¢y are fixed costs due to the assignment of machine i to location k,
dy,, 1s the distance between the machines assigned to location & and location
m, with dkk =0.

For a given layout, the objective function becomes a function of the random vari-
ables, le. Z = Z(Xlz,xl:;, ey XIN XNy - ey x(N*l)N)'

Once P(F) is defined as the event probability associated with matrix F, it may be
written that

N
P(F) = ] i) doxiyy
=
where P(F) also represents the probability P(Z) = P(F) that the objective function
will yield a value equal to Z for matrix F. The aim of the Stochastic Layout Problem
(SLP) is to minimize the total expected cost, i.e.

Man = J.S.JZ(X12, <y XN - - -x(N—l)N)P(Z) dxlzdx13 .. 'dxlN' "dX(Nfl)N (2)

Thanks to Rosenblatt’s approach, it can be stated that it is possible to trace the
solution of an SLP back to the deterministic situation. In particular, when the
stochastic problem concerns the minimization of the expected cost of the material
movement, the layout configuration minimizing it is the optimal layout for a quad-
ratic assignment problem. This problem is based on the matrix of the averages of the
distributions describing the flows between the layout resources.

Each ¢, (x;,) function is distributed according to a distribution with average
() and variance (0,2(,) and the random variables x;, are the sum of the random
variables E; describing the demand of the products over the T periods, i.e.
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T
Xier = ZEiXkr (3)
=1

with

1 Vk and r successive in the ith product cycle,
710 otherwise.

The conditions of a dynamic system may be effectively summed up by grouping
parameters iy, and a,%,. in the two M and S* matrices:

0 pp - H1N 0 0%2 T Ui/v

o o - 2
: : H(N-1),N : : L O(N—DN
o o .- 0 o 0 --. 0

The two matrices represent the mean and the variance of the total material handled,
between each pair of machines, in both directions of the single-row layout. The
triangular aspect of the matrices is due to the fact that each term represents the
total flow between two machines, irrespective of its direction (as in Rosenblatt and
Kropp 1992). In conclusion, the single row configuration permits a triangular repre-
sentation of the M and S* matrices.

In particular, if normal distributions are assumed, for each pair of machines k&
and r with k # r, the following relationship must hold:

Ok (x ) _ 1 exp _(xkr - /J'kr)z
e oV 21 207, ’

(4)

3. A simulation-based example

In order to illustrate the problem, we discuss a simple example, involving a
five-machine plant manufacturing ten different types of products. Over the time
horizon simulated, the demand for each product k varies according to a normal
distribution of assigned average p;, and variance o7. Each product has its own
route sheet, i.e. a predetermined sequence of operations on the layout stations.
During each period, material flows between stations are a consequence of the
product demands and their route sheets. Simulation experiments were carried out
by sampling the demand for each product, from its normal distribution, over 100
periods (e.g. weeks), thus obtaining the M and S matrices. Further data are
represented by:

e the cost-area matrix, whose ¢;; element indicates the cost of assigning machine
i to location j, e.g. because of different space needs and/or availability of plant
services;

e the dimension array, whose d; element locates the position of the workpiece
loading—unloading for machine i.

For the example proposed, the data commented upon above are presented here
below. The data used have been chosen from a wide set of experiments, being
representative and appropriate for comment.
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N°PRODUCT DEMAND ROUTE-SHEET
N o
1 415 11 5->3
2 61 11 1->4
3 351 13 4->1->5
4 7 0 5->1
5 562 193 1->2->5->4
6 762 121 5->3->1
7 617 89 3->2
8 299 99 4->1
9 900 275 1->4->5->3
10 41 6 3->5->2->3

COST AREA MATRIX

20 42 20 28 29
65 83 63 29 79
75 50 87 95 92
57 12 53 36 92
70 47 24 85 97
M - MATRIX
0 562 762 1611 358
0 0 658 0 603
0 0 0 0 2118
0 0 0 0 1462
0 0 0 0 0
S - MATRIX
0 193 121 293 13
0 0 89 0 193
0 0 0 0 301
0 0 0 0 336
0 0 0 0 0
DIMENSION ARRAY 2 5 1 1 1

Now, it is possible to evaluate the cost of each possible machine sequence, i.e. the
layout. Let us compare the following layout sequences: 5-2-3-1-4 and 1-5-4-3-2.
Normal distributions are used for demand to generate material flows for each simu-
lated period. Then, the Total Transport Costs (TTC) are evaluated for each period,
according to formula (1). The results are shown in figure 1.

It is evident that sequence 5-2-3-4-1 does not represent a successful solution, as
the layout optimization requires a machine sequence that can provide an adequate
performance for each period, even if demand is variable. This layout property, i.e. its
‘robustness’, may be appreciated by computing the TTC average and variance for a
sufficiently large number of simulations. For the case proposed, the most robust
sequence found is 1-5-4-3-2, which gives an average cost equal to 247650. TTCs
are lower than sequence 5-2-3-1-4 ones for each simulated period (figure 1). When
comparing the performance of the entire set of 120 possible layouts, machine
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Figure 1. Total transport costs for machine sequences 5-2-3-1-4 and 1-5-4-3-2.

sequence 1-5-4-3-2 offered the best performance over 50 periods of the 100 simulated,
while sequence 5-2-3-1-4 was never found as an optimal solution for any period
(TTC = 312173).

The example shown highlights the impact of demand variability, from period to
period, with respect to the adopted machine sequence. Of course, it is possible:

e to adopt a unique layout over the periods considered (robust approach) or,
alternatively and whenever possible,

e to identify the best layout for each period and consequently relocate the
machines (agile layout).

The strategy to be preferred should be identified a priori, on the basis of the expected
working levels of the plant and the related economic consequences. Thus, there
emerges the need for the formulation of an index that can describe and quantify
the effectiveness of the plant reconfiguration.

4. Total penalty and re-layout

In order to appreciate the economic impact of demand variability on a given
layout, let us define C;; as the cost due to the utilization of layout i (i.e. optimized for
the demand COIldlthIl i) in the demand condition j. Thus, C;; is the cost due to the
utilization of layout j in the demand condition j and, obviously, C;; > C;; Vi # j, as
layout j is optimal for demand j. The Total Penalty TP; associated with layout i may
be defined as:

S

Cii—=Y Gy (5)

Jj=1 J=1

Mm

S
:E: ij — //

over the S possible scenarios of demand considered.

In other terms, the Total Penalty may be interpreted as the loss due to the
adoption of the ith layout for all the productive scenarios when compared with
the agile strategy. The Total Penalty calculated with respect to the robust layout
becomes an important reference, as it may be defined as the maximum re-layout costs
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acceptable to support the agile strategy. Thanks to this concept, it is possible to
determine whether a robust or an agile layout is more suitable for a predetermined
plant, once given the related demand. It follows that:

e the more robust the layout, the lower the need for its re-layouts, i.e. an extre-
mely robust layout does not require the system agility;

e a poor robustness of a layout may be interpreted as the need for an agile plant,
suitable for frequent redefinitions of the machine sequences.

To this end, the following normalized index may be introduced:

S
;NS,- |

S N

0< NSnorm = <1, (6)

where

NS; is the number of machines to be relocated in period i, so as to shift from
the robust to the layout optimal for the same ith period;
S is the number of periods simulated over the time horizon;
N is the number of machines of the plant.

Situations where the robust layout is affected by a large NS, value will probably
require agility and, therefore, not be suitable for the adoption of an optimization
based on robustness (it is possible to state that the problem itself is not robust). On
the contrary, situations described by low NS, ., values may be solved by the adop-
tion of the most robust layout.

In such a context, it is essential to evaluate the mechanism leading to the plant re-
layout. A series of simulation tests was carried out to perceive the link between the
demand profile and the Re-layout Expectation Level (REL) of a given system, as
quantified later by the introduction of the REL definition. For each single problem,
the following parameters were adopted to describe the data structure concisely:

e the mean p, of the averages of the distributions (as also in matrix M):

N N
I
i=1 j=itl

M= NN =T} (7)
2

e the standard deviation o, of the averages of the distributions, i.e. the standard
deviation of matrix M:

N

N
Z Z (pij — Mp)z
i=1 j=i+1
Uu = N(N _ 1) ’ (8)

2

e the mean y, of the standard deviations of the distributions, i.e. the average of
the S matrix elements:
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N N
227
=l =it

Ho *mv (9)
2

e and the related standard deviation o, of S matrix data:

2, 2 (o =)
e NV (10)
2

[

According to the problem outlined, an experimental campaign was organized as
follows.

(1) Considering the SRMLP, 200 situations are generated for N = 5 machines.

(2) The M and S matrices are randomly generated according to different s,
values and identical o, u,, 0, parameters.

(3) Each single layout problem is simulated over 100 periods and the REL of the
layout is evaluated by parameter NSpeq = N - NSpom-

(4) The experiment is repeated, from point (1), for the other o,, pu—o, o,

parameters, i.e. one is sampled from a distribution and the three left are
fixed.

The four analyses discussed hereafter are commonly based on the following data set.

Number of problems = 200

Simulation horizon = 100 periods

Number of machines =5

Assignment costs = uniformly variable between 10 and 100
Distances = uniformly variable between 1 and 5

It should be noted that data above and following (see figure 2) have been chosen
from the set of experiments carried out and all of them show the same trend. The
results obtained are suitable for general comment, and they shape the whole set of
experiments carried out. Below, four cases are discussed, as four parameters are still
to be assigned. For each case, one of the parameters will be sampled from a dis-
tribution, while the remainder will be kept fixed. Of course, if one of the fixed
parameters is influential, it will impact on the absolute position of the results
obtained, but not on the shape of their distribution. The results of the study are
shown in figure 2, which also gives the correlation coefficient for each relationship
studied.

The experiments carried out showed how the parameters most influential in
determining the REL of a layout are o, and u,:

e the former expresses the ‘closeness’ of data pertaining to matrix M: the closer
the averages of the distributions, the higher the tendency of the machines to
require relocation;

e the latter states that a layout problem may lack robustness because of the
increase in the absolute variability of the flow distributions.
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Figure 2. Relationships between y,, 0, j,, 0, and the average number of relocations for
(200 x 4) stochastic SRMLP.

The following sections will try to interpret these preliminary results, drawing con-
clusions useful in foreseeing the criticality of a layout problem, independently of the
adoption of simulation tools.

5. Re-layout mechanisms

The results proposed in the previous section highlighted that, while decreasing o,
and increasing ,, the system will require additional machine relocations.

This is due to the fact that each single flow distribution is inclined to overlap
other flow distributions. In other words, relative alterations of the flows between
machines are more likely to occur, over the time horizon, and the problem cannot be
robust.
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In order to appreciate this phenomenon, it should be remembered that variable
x;; represents the sum of the flows of various products that are presented consecu-
tively, in their route-sheets, between machine i and machine j.

It is possible to calculate the probability of non-interference between the two
generic flows x;; and x;, via the random variable y, defined as follows:

v~ N{(pi; — o ); (07 + 07,)]. (11)

However, it should be pointed out that the production schedule may require that one
or more products, on account of their route-sheets, have to visit consecutively both
machines i and j and machines k and r. Let us group these products in family P.

Of course, the contribution of products pertaining to family P has to be carefully
considered, while calculating the probability of non-interference between flows x;;
and xy,. In fact, if family P is not empty, the single components of the relative flows
are not completely independent, as a variation of the level of production of P
products impacts on both of these flows. Before calculating the non-interference
probability, this fact may be taken into account by neglecting the contribution to
the relative flows of products pertaining to P.

Now, it is possible to define a random variable 7;;,, as the sum of the random
variable x;; due to the products pertaining to set P; this involves summing up all the
flows, which are mutually dependent, shown in the matrix of table 1.

In particular, each random variable 7;;, is characterized by a mean and a var-
iance, given respectively by:

Hrige = § : 'uxij’ (12)
products P
2 } : 2
UTi/,/:r = Uxij' (13)
products p

Once all the elements of the table 1 matrix are known, it is possible to calculate the
corrected probability of non-interference between the two generic flows x;; and x;,
via the corrected random variable y,, defined as follows:

Ve ~ N{(pij — pier)s (U,Z_/ + ot — 203,,_,\,,)]- (14)

It should be noted that the mean of y, is identical to the mean of y. In fact, the
contributions of the two mutually dependent flows are present, in both of the y,;; and

X12 X13 X14 XIN X23 X24 cee X(N=DN
X12 T12,13 T12,14 s TI2,IN T12,23 T12,24 s TI2(N=1)N
X13 713,12 - T13,14 T13,IN T13,23 T13,24 <o TI3(N=1)N
X14 T14,12 T14,13 - Ti4,IN T14,23 T14,24 <o TI4(N=1)N
XIN TIN,12 TIN,13 TIN,14 s - TIN,23 TIN 24 <+ TIN(N-1)N
X23 723,12 723,13 23,14 T23,1N - 723,24 coo T3 (N-1)N
X24 T24,12 24,13 24,14 s T4 1N 2423 - s T4 (N-1)N
X(N-1)N T(N-1)N,12 T(N-1)N,13 T(N-1)N,14 --- T(N-1)NJN T(N-1)N23 T(N-1)N24 --- -

Table 1. Matrix of mutually dependent flows.
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i, terms, with opposite signs. Therefore, the mutual dependencies are implicitly
suppressed. As far as the variance is concerned, the contribution related to mutually
dependent flows appears, with the same sign, in both of the o; and oy, terms.
Consequently, this contribution has been subtracted twice in the formula of y,
variance.

Now, it is possible to estimate effectively, i.e. without interferences, the prob-
ability that two flow distributions do not overlap in a problem of a stochastic layout.
Furthermore, it is possible to quantify the robustness of a stochastic layout problem
by avoiding a simulation-based approach. The superimposition level ¢;; . for each
distribution couple x;; and x;, pertaining to the flow matrix can be calculated as
follows:

Gijhr = P(ye = 0) = J+ ! ; exp <_ 2([y (ki) Nkrz] )) dy.

3 S
0 \/ 27‘((0%] + 07 — 202 o5 + 0 = 207,

Tijkr

(15)

Obviously, the lower the superposition level, the greater the robustness of the pro-
blem.

Given a layout problem described by an Fyiochasiic matrix, it is possible to arrange
a further matrix that has exactly the same format as the matrix of table 1, with
elements ¢, instead of 7;; .

The properties of these elements are:

i (bijak" € [O’ 1] Vi7j7 k7 r,
® bt Prrij =1 if x;; # xp, Vi jk,r.

The first property is a plain consequence of the definition of ¢;; x,, while the second
one depends on the fact that:

Gijhr + Orrij = P(Xij > Xpe) + P(Xpp < X37) = P(X;; > Xp) + P(x;; < Xp) = 1.
In other words, the symmetric elements of table 2 are complementary ones, thus

making only half of the table elements relevant to the end of the index calculation.
For each pair of values, let us introduce the following substitution:

Yijkr = Vkrij = MAX[q&ij‘kr; ¢kr,ij] so that 0.5 < Yijer < 1 (16)

It should be noted that, in the limiting case of two deterministic flows,
Gijjr = Pirij = 1 and according to (16), ¥y 1 = Vpi; = 1.

X12 X13 X4 XN X23 X24 s X(N-DN
X12 - $12,13 P24 - PN D123 Pr2p4 - PN
X13 P13.12 - P34 - P3N D133 P34 - P -N

X14 14,12 14,13 14N D143 Praos oo DaN-1N

XN Din 12 DIN 13 binia - - din 3 bivaa o PIN(N-DN

X23 ¢23712 ¢23,l3 ¢23,14 ¢23,1N - ¢23724 ¢23.(N71)N

X4 24,12 24,13 Gruis -+ DN 2423 - oo o n-1)N
X(N-)N PN-DN,12 PN-DN,13 PIN-DN,14 -+ PDN—-D)NIN PN-1)N23 PN-1)N24 - - -

Table 2. Superimposition of the flow distributions for F,pasic Mmatrix.
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This simplification allows the evaluation of an index of the problem robustness
by the mean of v;; . values, i.e. for an N-machine problem:

N N

>3 e

i=1 j=i+1 k=1 r=k+1

Layout Problem Robustness Index LPRI = il (17)
Nror
with
N(N —1)\?
Nror = (7( > )> -N

and, obviously, 0.5 < LPRI < 1.

The larger the LPRI value, the lower the superimposition between the distribu-
tions and, consequently, the higher the problem robustness. The previous statement
was verified by the following experiment:

(1) LPRI calculation by numerical integration;

(2) simulation of the plant working conditions over several periods;

(3) calculation of the normalized average number of machine relocations
NSnorm;

(4) comparison between LPRI and NS, ;.-

For the sake of brevity, results offered hereafter refer only to the five-machine case.

Number of problems = 1000

Simulation horizon = 100 periods

Number of products = 20

Length of Route-sheet =2 +5

Max demand for each product = uniformly distributed between 0 and 1000
Assignment costs = uniformly distributed between 100 and 1000
Distances = uniformly variable between 1 and 5

The diagram shown in figure 3 represents all the 1000 values of LPRI with respect to
the related NS, value.

LPRI

0.6 T T T T T

0 0.1 0.2 0.3 0.4 0.5 0.6
NSnorm

Figure 3. LPRI values versus NS, for the five machine problem.
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Figure 4. Box-plot of LPRI values versus NS, for the five machine problem.

Data may be arranged in classes of LPRI width equal to 0.025, as in figure 4; for
each class, the value of the average NS,,., and the respective value of the mean
LPRI (LPRI) were calculated. The results of the previous experimental campaign
were rearranged according to the scheme suggested and grouped into classes, thus
obtaining the box plot of figure 4 (more details may be found in Law and Kelton
1994).

The results of figure 4 are characterized by a significant correlation between the
values of the two parameters examined. In fact, the correlation coefficient between
the average NS, ,m and the LPRI value of the correspondent class is equal to:

X(LPRI; NSnorm) — 0.996.

The simulations presented lead us to draw the conclusion that the LPRI value clearly
identifies the system attitude to be redefined.

6. Measuring the robustness of a layout

In a layout problem, each single solution must be evaluated from an economic
point of view. This consideration acquires particular relevance when a dynamic
context is considered. A typical approach is represented by the calculation of the
Total Penalty Cost (TPC) (Rosenblatt and Lee 1987), which represents, in its sim-
plest formulation, the cost due to transportation when layout, route sheets and mix
dynamics over time are assigned. Of course, the TPCs may be compared with the
ones associated with the agile solution. The result of the comparison estimate the
expected inefficiency of the robust layout with respect to the lowest level of costs. The
basic limitation of this approach is that:

e it always requires a simulation-based analysis and it is also necessary to com-
pare agile and robust solutions over the given time horizon;

e thus, it is computationally burdensome;

e it is not normalized, but compares the performance of one layout to another,
without providing any absolute information.

To this end, let us modify the objective function proposed in section 2. The following
substitution is introduced:
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Yik Y_/m = di_[(l)»

where d;;(/) is the distance between machine i and machine j in the /th layout. These
distances will represent the new variables with respect to which the system optimiza-
tion will be pursued. The optimization will require the minimization of the expected
costs, without considering assignment costs. In this case, the number of machines N
is given, together with their relevant dimension (D; for machine i).

Thus, the following linear formulation of the stochastic SRMLP is introduced:

Mm? = JS JZ(X[Q, . ,XIN,)C(N,I)N)P(Z) dX12 .. .dxlN .. 'd-x(Nfl)Na (18)

where:
N N
i=1 j=it1
D;+D
dy(l) = =52, (20)
al D;+D;
dij(l) <> Dy — ( 5 ">, (1)
k=1
D; + D;
N N . 1 lfdl/(l): l+ ]7
i=1 j=i+1 0 otherwise,
N
P(Z) = H pij(x;;) daxij, (23)
it
Xx;; : integer. (24)

Under the assumption of flows distributed according to normal distributions, it may
be experimentally shown that the cost function of the layout problem is also dis-
tributed normally. To this end, let us consider the situation of a seven-machine
stochastic layout, dealing with 20 product types. Each product has a route-sheet,
which varies from two to five visited machines. The product demand is assumed to be
distributed normally, the average of each distribution is sampled from a
uniform distribution, with limits 0 and 1000. The related standard deviation is
also sampled from a uniform distribution with limits 0 and 0.7 times the average
previously set.

For the example considered, the M and S matrices are shown below, together
with the machine dimensions:

M - MATRIX
0 883 705 0 1719 2579 352
0 0 911 1150 2064 970 325
0 0 0 944 493 191 0
0 0 0 0 1716 1980 2278
0 0 0 0 0 1841 1249
0 0 0 0 0 0 3505
0 0 0 0 0 0 0
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S - MATRIX
0 1 151 0 64 201 37
0 0 72 59 161 158 41
0 0 0 130 49 25 0
0 0 0 0 191 119 287
0 0 0 0 0 22 73
0 0 0 0 0 0 325
0 0 0 0 0 0 0

DIMENSION ARRAY 1 5 9 7 2 10 4

For the case proposed, the most robust sequence found is 6-7-1-5-4-2-3. Given this
sequence, it is possible to calculate:

N N N N
M) =" pydiy(l) = 487643 and  S()=>_ Y o3;dii(1) = 229159044
i=1

i=1 j=i+1 j=it1

The cost distribution for a simulation over 2000 periods is offered in figure 5.

The average of the simulation results is equal to 492 193, i.e. an error of 0.93%
with respect to M(/), and the standard deviation is 15 411, with an error of 1.8%
with respect to /S(/).

The normal distribution of costs suggests the utilization of parameter M(/) as a
relative measurement of the robustness of the solutions. In fact, each layout config-
uration presents a normally distributed cost function with average M (/). Thus, the
most robust layout, i.e. the one with the lowest expected cost, will be the layout
associated with the d;;(/) values that minimize equation (19). It will be the layout
calculated with respect to the average of the flow distributions of the stochastic
problem. However, the robustness of a layout is an absolute concept: it is the ability
of an optimal layout to be competitive with respect to the agile strategy. This com-
parison must be carried out by computer-based simulations. Hence, an absolute
index of robustness, which does not require the simulation approach, is proposed
in the following section.

140

120 /AN

100 / \

. / \

; / \
R N
L e

400000 450000 500000 550000 600000
Costs

Frequency

Figure 5. Cost distribution for 6-7-1-5-4-2-3 sequence over 2000 periods.
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7. The Robustness Layout Index (LCRI)

For a given layout, it is possible to evaluate the probability that its cost function
is larger than those of other layout configurations, so as to evaluate the probability
that the given layout may prove inefficient with respect to the other layouts. The
results obtained are a statistical measure of the robustness of a configuration.

Given a stochastic SRMLP with N machines, where the costs of assigning
machines to areas are not considered, the admissible solution space W has dimension
N!/2, since symmetric solutions coincide. The following notation may be introduced
for layout [ € W:

C(/) random variable describing the cost function of the /th layout (mean
M (1), variance S(/));
©(/)  pdf of the C(/) cost function.

When, for m € W and m # [, the probability
P(C(l) = C(m)) (25)

is calculated, it is the same as calculating the probability that the mth layout is
optimal with respect to the /th one. Of course, a configuration offering a low prob-
ability of inefficiency, with respect to all the others, will be a highly robust one. In
order to evaluate equation (25)’s probability, the following function is defined:

y=C() = C(m), (26)
thus obtaining
P(C(l) = C(m)) = P(y = 0). (27)

Under the hypothesis that both C(/) and C(m) are normally distributed, the random
variable y will also be a normal one, i.e.:

y = NI[(M(1) = M(m)); (S(I) + S(m))],

and formula (27) may be written as

Py =0) =1, = 1 bs [Ml(l) . M(m)]}2> dy. (28)

—+00
exp
Jo 27[S(l) + S(m)] ( 2[S(7) + S(m)]
According to the definition of ¥, ,,, it must hold that:
0<9, <L (29)

Therefore, it is possible to estimate the probability that the given solution maintains
a lower cost of transport, in any production scenario compatible with the distribu-
tions of the product demands and with respect to any other generic configuration.
Nevertheless, such a probability refers only to the relative comparison of two con-
figurations: the next step is to formulate an absolute index of robustness for each
single configuration of a stochastic layout.

As shown experimentally in Malmborg and Bukhary (1997), Malmborg et al.
(1998) and Malmborg (1999), a single layout sequence presents a cost distribution of
normal type. In addition, the costs of all the possible configurations will also present
a normal distribution (in particular, when the distances between any two adjacent
machines are the same). According to this observation, a random variable may be
introduced to represent the cost of all the possible configurations of a layout. Such a
random variable will be distributed with a mean and variance given by:
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N!
> M) -
- I:IN! - S =—x

N!
S(0)
M(D) =1

Moreover, given an N machine layout problem, in which the costs of allocation of the
machine to the different area are not considered, the space of the possible solutions
will again have a dimension of N!/2, since symmetrical solutions coincide. Hence, it
will be possible to halve the exhaustive calculation of the variable that represents the
cost.

In conclusion, it is possible to calculate:

e the probability that a generic layout will accrue costs lower than those of all
the other configurations;

e the probability that a layout will remain more efficient than the others: this is
the absolute measure of robustness sought.

In fact, a sequence affected by a high probability of efficiency, with respect to all
the other configurations, will be a highly robust one, while a configuration
with low probability of efficiency will be less flexible to the changes of the external
environment.

In other words, the following probability may be calculated:

M{I) — M(I¥)

— =V}, (30)
[S() + S(1%)]

k
Poz0)= | ed=0
and it will be:

0<d;,. <1
The probability calculated by equation (30) will be defined as the Layout
Configuration Robustness Index (LCRI) of the configuration of layout /*:

LCRI = ¢ M , (31)

[S(I) + S(1%)]
and, as 0 < 197./* < 1, it must also satisfy:
0<LCRI(l)<1.

The higher the index, the higher the probability of the layout efficiency and, conse-
quently, the higher the robustness of the configuration.

The adoption of the index proposed reduces the complexity of the calculations
required by a simulation-based approach, which is linked to the solution of P layout
problems, where P is the number of periods considered. The adoption of the LCRI
index decreases the calculation amount by a P~! factor. Furthermore, the index
proposed offers a normalized measure of the layout robustness.

In addition, when evaluating the LCRI value for the most robust layout of a
stochastic SRMLP, the following theorem must hold.
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Theorem: Given a Linear Stochastic Layout Problem, if each flow x;; is described

by a normal distribution with mean p;; and variance a?i, the necessary condition

for identifying the mth layout as the most robust solution of a stochastic Single
Row Machine Layout Problem is that:

LCRI(l) > 0.5.

Proof: If m is the most robust solution of a stochastic SRMLP, the mean M (m)
of the pdf of its C(m) cost function must be the lowest with respect to the
averages of the cost functions of the admissible configurations, i.e.

M(m) < M(I) VL.

It can also be verified that:

M(m) < M(I).
Once defined:
y=C(l) —C(m),
it is also obtained that:
M(y) = M) = M(m) > 0
and, according to the notations already introduced:

k M(l) — M(m
Poz0) = [ gaz=o| SLEEL )y, oo,
= S() + S(m)

thus obtaining that:
LCRI(m) > 0.5.

8. [Experimental issues
Let us evaluate the behaviour of the LCRI index for a single stochastic layout
problem with five machines. The following set of data is assigned:

M - MATRIX
0 992 830 806 836
992 0 819 1076 820
830 819 0 984 820
806 1076 984 0 908
836 820 820 908 0

S - MATRIX
0 58 266 152 65
58 0 144 146 256
266 144 0 244 212
152 146 244 0 131
65 256 212 131 0

DIMENSION ARRAY 3 4 1 4 2
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The index LCRI will be calculated for each one of the (5!)/2 admissible config-
urations together with the percentage Total Penalty TP(%). The latter index is
evaluated as the percentage deviation with respect to the agile solution, i.e.:

P P
sol agile
Sa-ya

TP(%) = ———= x 100. (32)
Z C§0]
i=1

The graphical representation of the results obtained is presented in figure 6, where
each dot represents the result of a layout configuration. The relationship between
LCRI and TP(%) is that low penalty values involve a high LCRI index, i.e. the more
robust the configuration, the lower the cost differences with the agile solution. The
highest value is found for the most robust solution (5-3-4-1-2), thus showing that
LCRI maximization is necessary for the robustness of the optimum layout.

Now, let us consider the LCRI behaviour with respect to different layout
problems. This test will allow the appreciation of the robustness of the solutions
within an absolute range of values. To this end, a set of different layout problems
was considered, each one pertaining to a different class of robustness. In particular,
seven stochastic SRMLP, with five machines, were generated, each one associated
with a different LPRI value. The LPRI values assigned were 0.99-0.95-0.87-0.85-
0.80-0.75-0.65, as shown in figure 7 together with the simulation results.

The trends described in figure 7 allow us to draw some observations:

e the global robustness of the layout problem, defined by the LPRI value, also
determines the slope of the curve that expresses the link between the LCRI and
the Total Penalty TP(%). As LPRI increases, the slope of the curve increases
too; for problems of complete robustness (LPRI = 0.99), the curve is almost
vertical. Moreover, few points are found for high values of LCRI (almost
equal to 1); on the other hand, while reducing the LPRI value, many points
are found for low LCRI values (almost equal to 0), i.e. where the Total Penalty
is significant;

1 oo vomw ge
ce we o
0.9

()
0.8 )

07 "
0.6 o

[ ]
0.5 3
0.4 e
0.3 Y
0.2 -
)

0.1 Yod,

LCRI

0 5 10 15 20 25 30
TP(%)

Figure 6. CRI behaviour for a stochastic SRMLP.
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Figure 7. LCRI behaviour for problems with different global robustness.

e as the problem of criticality increases (decreasing of LPRI value), the absolute
robustness of the optimal solution decreases. As LPRI decreases, the lower
limit of the associated TP(%) value increases. In fact, it varies from values
close to 0% (LPRI =0.99) to 5% (LPRI = 0.65);

e as the global robustness of the problem increases, so does the possibility of
optimizing the layout configuration. In fact, critical problems are affected by
significant data gathering in the central area, with TP(%) values between 20%
and 40%.

According to the results presented, a general conclusion may be drawn: the more
critical the problem, the smaller the differences in the solutions. On the contrary,
robust problems deserve attention for the quality of the procedure adopted in
identifying the problem solution; in these cases, there exists a completely robust
layout, i.e. the optimum one, and the penalties determined by sub-optimal solutions
may be large.

The above considerations are also supported by the results of figure 8: it groups
the optimal solutions (robust configuration) of 1000 layout problems, pertaining to

1 ’:_1‘ Q‘Q *
005 THRESRIR iR
#Q T Ty wsotl gl 3
8 Yord 5“':’:"““ o8 » LPRIW<0.75
O.Qfﬂ—h‘r*.‘uA*Atx . N WU
R EX S 0.75<LPRIW<0.775
0.85 ¥ e 4 0.775<LPRIw<0.8
a . 0.8<LPRIW<0.825
0.8 ] 0.825<LPRIw<0.85
[ 4 0.85<LPRIW<0.875
(_.IJ 0.75  0.875<LPRIw<0.9
. o e 0.9<LPRIW<0.925
0.7 . + 0.925<LPRIW<0.95
= LPRIW>0.95
0.65
0.6 : - T T T
1 2 3 4 5 6
TP(%)
Figure 8. LCRI and penalty values for optimal solutions.
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different classes of robustness. For each of these, the LCRI and TP(%) values were
calculated and are presented in the graph.

The first experimental confirmation from the graph is that there exists a lower
limit for the LCRI value, i.e. LCRI = 0.5, as also shown by the proposed theorem.
In particular, for the figure 8 problems, the minimum value found for LCRI was 0.7.

Moreover, as already cited in the previous section, it is evident there exists a
strong dependency between the width of the range of the LCRI values and the value
of the total robustness of the problem (expressed by the LPRI index).

9. Conclusions

This study has discussed the evaluation of the criticality of layout determination
in a dynamic environment, i.e. when product demands fluctuate over the time hor-
izon identified. The approach adopted was based on the formulation of indices useful
to designers and managers in quantifying the criticality of the layout problem.
Consequently, the strategy to be adopted for layout redefinitions may be selected
and the level of attention to be paid to the layout configuration is also quantified. To
this end, the simulations offered were useful in understanding the practicality of
implementing an agile strategy in place of a robust one.

The study also focuses on the mechanisms leading to a degraded performance of
a layout, in the case of variations in the productive levels. It is also shown how the
robustness of a layout is a problem feature, which depends uniquely on the starting
data, as in the case of product demands described by stochastic variables.

Starting from the SRMLP case and a wide set of experimental tests, two analy-
tical indices, LPRI and LCRI, have been proposed in order to estimate, respectively,
the robustness of a stochastic layout problem and the robustness of a specific layout
configuration for a given problem.

In more detail, the usefulness of these indices is related to their ability to identify
the criticality of the layout problem definition. In fact, as in the examples shown,
high LPRI indices imply low REL values. The usefulness of the LCRI index emerges
when the LPRI is significantly high (i.e. LPRI > 0.9). In such a case, and for a given
situation, a layout other than the optimal one may determine consistent economic
losses due to material handling (e.g. see figure 7). Therefore, a careful evaluation of
the layout design is required.

When external demand is extremely irregular and dynamic, the distribution of
the flows may frequently lead to a robust solution operating in degraded conditions.
If the alteration in the product demands determines a new layout problem with a
significant robustness (LPRI > 0.9), a non-optimal solution will be associated, with
relevant cost penalties, as expressed by the relationship between the LCRI and
PT(%) values. In similar cases, the redefinition of the layout may be a convenient
way out, thus adopting an agile strategy. On the other hand, if the new layout
problem is described by low robustness indices (LPRI < 0.8), there is a reduced
risk of performance deterioration, as problem solutions are generally undifferen-
tiated and a layout redefinition may be economically unjustified. In such a case, it
has been shown that the LCRI index is almost constant for the problem given.

The theory proposed is based on the analysis of the stochastic nature of the flow
matrix and it seems to be promising for application to layouts other than the single
row one (e.g. loop layout and QAP). In fact, the starting point adopted (i.e. the flow
matrix) is generally valid for the whole set of layout types. The above considerations
show how various developments of the present study are foreseeable in the near
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future. Some additional research guidelines, and where the authors will be involved,
are:

e the study and evaluation of other typologies of layout, to appreciate and
compare their performances and introduce the necessary modifications to
the indices proposed for the SRMLP case;

e the analysis of other types of production fluctuations, e.g. those due to the
introduction of new products and to the flexibility of routing;

e the utilization of the approach proposed in a real industrial case.
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